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l ntroduction 

T h e  emergence o f  Exp lora tory  Data Analysis (EDA) (cf.  T u k e y  1977 as a 
main reference) presents a challenge t o  more t rad i t iona l  views, at t i tudes 
and value systems o f  statistics, which a re  of ten also t h e  impl ic i t  basis o f  
cu r r i cu la  and  teaching approaches t o  stat is t ics and probab i l i t y .  Simple 
examples, ideas and techniques o f  EDA are  sometimes considered t o  be  a new 
cu r r i cu lum content, because it is  hoped t h a t  t h e y  may replace t h e  ra the r  
b o r i n g  teaching o f  techniques o f  descr ipt ive stat ist ics by more in teres t ing  
examples o f  real data analysis, where t h e  students may become more ac t ive ly  
invo lved i n  processes o f  d iscover ing re levant  features o f  t h e  systems t h e  
data re fe r  t o  (cf.  e.g. Gnanadesikan e t  al. 1983, Landwehr/Watkins 1986). 

More generally, t h e  fo l lowing paper w i l l  p resent  some tenta t ive  ideas f o r  t h e  
discussion on how t h e  f u r t h e r  evolut ion o f  cu r r i cu la  may react  t o  changes in 
stat ist ics which have- become v is ib le  by t h e  emergence o f  EDA. Problems, 
obstacles and new opportuni t ies o f  development on t h e  level o f  more o r  less 
"philosophical" conceptions o f  statistics, probabi l i ty ,  and EDA wi l l  be  d i s -  
cussed and considered as an important  factor  if the re  is  an attempt a t  r e -  
la t ing  ideas f rom EDA t o  o ther  areas o f  t h e  curr icu lum, and t o  develop a 
more conscious a t t i tude o f  teachers towards t h e i r  subject. The  views p r e -  
sented are based on detai led h is tor ica l  and epistemological studies o f  EDA 
and i t s  re lat ion t o  classical s tat is t ics (cf. e.g. Biehler 1982, 1985). 

1. New appreciation of graphical representations 

The  new use o f  graphical  representat ions as exp lora tory  tools f o r  stat ist ics 
is  p robab ly  t h e  most important  aspect which can be  lea rn t  f rom EDA, and 
which may radiate i n to  o the r  cu r r i cu lum areas. 

EDA is  re lated t o  a more general movement in stat ist ics towards using 
graphs as tools i n  research, as tools f o r  analyz ing data and not  on l y  as a 
means o f  communicating " the  obvious t o  t h e  ignorant" .  Th is  la t te r  a t t i tude 
towards t h e  ro le o f  g raphs i n  stat ist ics has been o f  long standing.  Stat is- 
t i cs  saw i t s  sc ient i f ic  character, among o ther  th ings,  i n  cont ras t  t o  t h e  
unscient i f ic  age o f  mere graphical  and descr ipt ive stat ist ics. Thus, even E. 
Pearson f e l t  some need t o  defend h is  appreciation o f  graphics.  

By suggesting that much can be learnt in this way (by graphs), I 
run the risk of being accused of encouraging slapdash methods of 
handling statistical data, a step against the tradition of 60 yearsf 
development of statistics as science. ( Pearson 1956, 143) 
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Such a somewhat negat ive v iew o f  graphics s t i l l  dominates cu r r i cu la  and 
teacher att i tudes. Especially attempts a t  teaching stat is t ics wh ich  are  con- 
cerned w i th  a c r i t i ca l  approach towards  t h e  use o f  s tat is t ics i n  mass media; 
conceive o f  graphics predominant ly  in terms o f  deception and "at  best"  in 
terms o f  communication, b u t  n o t  in terms o f  g raphs  as t h e  most important  
device f o r  d iscover ing unexpected phenomena and  s t ruc tu res  in data, i.e. 
t h e  a t t i tude o f  EDA which J. T u k e y  already formulated as a program i n  
1962 (cf.  T u k e y  1962, 49). One i l l us t ra t i ve  example is  t h e  d i f f e r e n t  eva lu-  
at ion o f  scale transformations, par t icu lar ly ,  zooming in p a r t s  o f  g raphs.  
Whereas T u k e y  (e.g. 1977, 146) uses t h i s  as a "powerfu l  microscope" t o  
see detailed st ructure,  H u f f  (1954, 39) views t h e  same poss ib i l i t y  as a po -  
tent ia l  source o f  deception. 

A most fundamental idea under l y ing  EDA i s  t h a t  v a r y i n q  t h e  representat ion 
and us ing mult iple representat ions o f  data i s  a means o f  developing new 
knowledge o r  ins iqhts.  T h i s  can b e  exempli f ied by swi tching f rom tables t o  
graphs, f rom l is ts  o f  numbers t o  stem-and-leafs, by reduc ing numbers t o  a 
discrete va r ie t y  o f  symbols i n  s tat is t ica l  maps t o  make easy t h e  explorat ion 
o f  overal l  s t ructure,  by cons t ruc t i ng  summary displays o f  batches l i ke  box 
p lots which make possible an e f fec t ive  comparison o f  several batches. 

Exper iencing graphics i n  t h i s  s p i r i t  may also cont r ibu te  t o  a c r i t i ca l  u n d e r -  
s tanding t h e  H u f f  t rad i t i on  i s  aiming at.  T h e  reason t h a t  graphical  r e p r e -  
sentations may be  consciously exper ienced as tools which help p lac ing t h e  
focus on par t icu lar  aspects o f  t h e  data, and do  no t  merely present  data "as 
t h e y  are". 

From t h i s  perspective, a d i f f e r e n t  and more conscious v iew may be  taken 
o f  such classical d isplays as histograms. Histor ical ly,  us ing  "discrete" b a r  
chats t o  present  cont inuously v a r y i n g  data was qu i te  an achievement and a 
discovery. Today, however, histograms are  usual ly  no t  in t roduced as tools 
t o  reveal s t ruc tures  i n  data which would be  d i f f i c u l t  t o  perceive w i t h  o ther  
tools, e.g., w i th  plots, where t h e  data have simply been p lo t ted  on a l ine. 
Instead, t h e y  are in t roduced as graphical  representat ions f o r  t h e  mathe- 
matical notion o f  " f requency d i s t r i bu t i on "  w i t h  a view towards probab i l i t y .  

EDA has developed several new formats o f  representat ion. Stem-and-leaf 
displays and boxplots a re  of ten rendered prominent  w i t h  regard  t o  t h e  se- 
condary curr icu lum. 

The  t radi t ional  cu r r i cu lum on descr ip t ive  stat ist ics may be  t ransformed i n  
t h e  d i rect ion o f  EDA by us ing  these d isplays i n  an invest igat ive s p i r i t  (c f .  
t h e  textbook by Landwehr/Watkins 1986). It would be essential, however, 
t o  g i ve  substant ial  suppor t  t o  t h e  invest igat ive a t t i tude against t h e  t e n -  
dency o f  most didact ical t ransposi t ions (Cheval lard 1985) t o  reduce knowl -  
edge t o  techniques. 

On t h e  other  hand, as a l ready prac t iced i n  some books, these displays, o r  
s l i gh t  modifications o f  them, can also en r i ch  those pa r t s  o f  cu r r i cu la  where 
probab i l i t y  and inference i s  t h e  main goal. Visual iz inq chance va r iab i l i t y  
b y , d r a w i n g  several random samples and represent ing them by a collection 
o f  box p lots may be  such an application. Thus, t h e  displays can be  used t o  
in i t ia te a f r u i t f u l  comparison, in teract ion and r e s t r u c t u r i n g  o f  experience 
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had  w i t h  these diagrams i n  an exp lo ra to ry  setting, and in t h e  contex t  of 
ideal chance var iab i l i t y  (cf .  also Landwehr/Swift/Watkins 1984) who use 
box  p lots i n  an interest ing way t o  teach confidence intervals.  

T h e  same displays and others may be  useful i n  combination w i t h  stat is t ica l  
tests. Students can experience how t e s t  resul ts  a re  re lated t o  v isual  im- 
pressions o f  var iab i l i t y  and dif ference. How t h i s  should be  done is  v e r y  
much dependent on t h e  conception o f  t h e  stat is t ics adopted. I n  R.A. 
Fisher's "Statistical Methods o f  Research Workers" (1925) we f i n d  t h e  f o l -  
lowing remarkable passage: 

The preliminary examination of most data is facilitated by the use of 
diagrams. Diagrams prove nothing, but bring outstanding features 
readily to the eye; they are therefore no substitute for such critical 
tests as may be applied to the data, but are valuable in suggesting 
such tests, and in explaining the conclusions founded upon them. 
(quoted a f te r  Pearson 1956, 127). 

From t h e  rigid interpretat ion o f  classical stat ist ics wh ich  emerged later, t h i s  
use would no t  be acceptable: Hypotheses and t e s t  c r i t e r i a  should be  
chosen before looking a t  t h e  data because o f  problems o f  mul t ip l i c i ty .  From 
an EDA po in t  o f  view, t h e  pract ice suggested is  maintained and extended, 
whi le a t  t h e  same time admit t ing t h a t  t h e  nominal signif icance levels cannot 
be  in terpre ted i n  t h e  usual sense. With data, g raphs  are  used t o  
check and  modi fy  assumptions o n  which tests are  based. Graphs are  con- 
sidered as containing potent ia l ly  more information than  is  detectable by t h e  
test .  From t h i s  perspective, it would be  one-sided o n l y  t o  emphasize, w i t h  
simulated random data, t h a t  g raphs show al l  sor ts  o f  f i ne  s t r u c t u r e  a l -  
t hough  the re  i s  "real ly" random noise. 

Discussing these problems i n  detai l  is  cer ta in ly  beyond t h e  secondary level, 
and it is  an open problem t o  be  reconsidered in stat ist ical  education t o  
what  degree two  d is t inc t  "ethics" o f  classical s tat is t ics and EDA can, p e r -  
haps gradual ly,  be developed i n  secondary education 

2 Going beyond t h e  one-dimensional case 

Most secondary cur r icu la  on p robab i l i t y  and stat is t ics teach on ly  one- 
dimensional data resp. random variables. If two-dimensional problems are 
t a u g h t  a t  all, t h e y  receive a ra the r  technical t reatment  and two-dimension- 
al data mostly appear as if t h e y  belonged t o  a completely d i f f e r e n t  ontologi-  
cal category than  one-dimensional data. But,  actually, 

Most bodies of data involve observations associated with various 
facets of a particular background, environment, or experiment. 
Therefore, in a general sense, data are always multivariate in char- 
acter (Gnanadesikan 1977, 1). 

The  emergence and present  application o f  EDA are  deeply re lated t o  t h e  
emergence and dissemination o f  mul t ivar iate methods i n  today's stat ist ical  
pract ice. Which role mul t ivar iate data may p lay  i n  secondary education is an 
open question. 
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Multivariate data have already entered some schools .through the backdoor 
of computer science courses where data bases are being explored. Besides, 
data security is topical and may gradually destroy the image of statistics 
and probability which is  taught i n  the statistics classroom, that  is  tha t  sta- 
tistical data analysis is not concerned with individual cases b u t  wi th "laws 
of average". 

EDA presupposes going beyond this conception, making th is  possible a t  an 
elementary level a t  the same time. If box plots are used to  compare several 
batches of data, th is  may be a f i r s t  easy step i n  the multivariate direction. 
Also, stem-and-leaf displays do not erase the individual data values, b u t  
show a structured por t ra i t  o f  them. This facilitates recalling the object 
which belongs t o  the respective data values. This possibility can be ex- 
tended by adding .labels t o  some of the values in the plot, o r  by substi- 
tu t ing  the digits i n  the leaves by appropriate labels, o r  by symbols fo r  the 
value of some second variable. These features constitute quite a di f ferent 
relation t o  data. To give an i l lustrative example: a medical practitioner 
once said that  he l ike stem-and-leaf displays t o  show the  values of an im- 
portant medical variable f o r  his patients, because they allowed him t o  more 
easily see the individual case and i ts relative position behind each number. 

In more technical terms, stem-and-leaf displays take into account that  all 
data are multivariate in  character. They mediate between the one-dimen- 
sional and the multi-dimensional cases. This is  also exemplified b y  the gen- 
eral heuristics t o  look f o r  "explanations" (i.e. fur ther  potentially influen- 
t ia l  variables) if structures l ike outlies, gaps, popular values o r  several 
peaks have been discovered i n  a display. 

I 
To sum up, one-dimensional data are treated within an open context o f  po- 
tentially relevant fu r ther  variables. This "ontology" of  EDA is different 
from the common approach t o  probability. Usually, probability is  introduced 
b y  using random devices l ike dice o r  coins where students are t o  learn that  
nothing can be predicted and that  the variabil i ty of  outcomes cannot be 
"explained" or  related t o  other variables - in contrast to deterministic s i tu- 
ations. There are certainly several good reasons in  favor of  beginning pro-  
babil i ty instruction with almost ideal random situations. B u t  keeping total ly 
random situations and totally deterministic situations st r ic t ly  separated 
dur ing the whole curriculum is certainly not desirable, because most real 
situations are a mixture of both. EDA is mainly concerned with such in ter-  
mediate situations; where it is not clear at  the beginning which aspects of 
the data should be interpreted or  treated as random. EDA should be 
viewed as a new o r  fu r ther  opportunity t o  bridge the gap between the two 
extremes of determinism and complete randomness. 

In particular, it may be misleading t o  interpret difficulties of students, 
e.g. that they suspect relations between outcomes o f  a random experiment 
and other variables l ike specific spatio-temporal circumstances or  operator 
skill, to  be some type of "magical thinking" which oug"ht t o  be extinguished 
i n  favour of  appreciating probability and randomness. Perhaps the stu- 
dents' th inking can be interpreted as viewing the situation as. an "open 
multivariate situation" similar t o  the thinking in  EDA. Their inclination t o  
seek connections may not be false in  principle, b u t  perhaps not appropri- 
ate i n  some situations. I n  fact, a recent philosophically oriented introduc- 
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t i o n  t o  a collection of ar t ic les on EDA has t h e  t i t le :  "Theories o f  Data 
Analysis: From Magical T h i n k i n g  T h r o u g h  Classical Stat ist ics" (Diaconis 
1985), and t h e  author  draws close relat ions between EDA and magical 
th ink ing ,  defending a t  t h e  same time t h i s  t y p e  o f  th ink ing ,  if it is  con- 
t ro l l ed  t o  a cer ta in ex tent .  

3. Reconsidering educational conceptions of statistics 

It is  o f ten  considered an important  goal o f  stat ist ics ins t ruc t ion  t o  overcome 
t h e  pub l i c  image t h a t  "any th ing  can be  p roved  w i t h  stat ist ics" ("lies, 
damned lies, stat ist ics").  Going beyond merely descr ib ing data and beyond 
an a r b i t r a r y  use o f  data t o  suppor t  arguments is  of ten considered t o  be  one 
o f  t h e  main goals o f  s tat is t ics ins t ruc t ion .  Teaching rud imentary  ideas o f  
confidence in terva ls  and signif icance tes t ing  seems t o  be  essential, because 
express ing "amounts o f  uncer ta in ty"  i s  of ten neglected in pub l ic  debate. 
Also, s tudents can, hopeful ly,  learn f rom t h i s  in what  sense and under  
what  condit ions something can be  "proved" w i t h  stat ist ics. If stat is t ics in- 
s t ruc t ion  i s  predominant ly  viewed f rom t h i s  perspective, inc lud ing ideas 
f rom EDA may seem t o  be  ra the r  counterproduct ive.  A l though it is  t r u e  t h a t  
EDA also goes beyond mere description, it does no t  do so, however, in t h e  
d i rect ion o f  inference and "proof", b u t  ra the r  i n  t h e  d i rect ion o f  encour-  
aqinq new hypotheses. 

EDA does no t  produce t h e  seemingly unequivocal, precise and " f inal"  r e -  
sults o f  in fe rent ia l  statistics, b u t  o f ten  a mul t ip l i c i ty  o f  ra the r  vague as- 
pects w i t h  v a r y i n g  degrees o f  uncerta inty,  and t h e  resu l t  obtained may be  
i n  p a r t  contradictor jy.  T u k e y  calls such resul ts  caut iously "indications". 
The openness, t h e  subject ive and t h e  hypothet ical dimensions o f  sc ient i f ic  
research and o f  knowledge, are not  suppressed, b u t  c lear ly  shown. What a 
diagram may mean, o r  in what  d i rect ion f u r t h e r  research should proceed, 
requires communication and discourse. T h e  subject matter e x p e r t  is  no t  
"compelled towards ins igh t "  by a resu l t  o f  EDA, b u t  accepted as a pa r tne r  
i n  communication. Communication is  necessary between data analysis e x -  
per ts  and subject  mat ter  experts, and w i th in  each g roup  i n  o r d e r  t o  b r i n g  
together  d i f f e r e n t  experience t o  a common benefi t .  Placing a new emphasis 
on such features o f  appl ied mathematics w i th in  the  cur r icu lum is  of ten con- 
sidered educational ly v e r y  important.  Fischer (1984) coined t h e  te rm "open 
mathematics" f o r  this,  and views EDA as a pro to type (c f .  also Fischer/ 
MaIle/Biirger 1985). 

For f u r t h e r  clarif ication, l e t  me re fe r  also t o  a paper g iven a t  ICOTS I by 
John B i b b y  (1983, 241). He emphasized th ree "tensions" t h a t  had t o  be 
resolved whi le developing t h e  Open Un ive rs i t y  course "Stat ist ics i n  Soci- 
ety".  T h e  f i r s t  was t h e  tension between stat ist ics as an "exact science" 
(objective, r igorous, culture-free, technique-oriented) and stat is t ics as a 
"social p roduc t "  (produced as t h e  outcome o f  human responses t o  a wide 
va r ie t y  o f  conf l ict- laden si tuat ions).  T h e  third one was t h e  tension be-  
tween EDA/descr ipt ive stat is t ics and inferent ia l  stat ist ics. Perhaps one 
should descr ibe t h e  two re lated tensions also somewhat d i f f e ren t l y .  Stat is- 
t ics and data analysis are  essential ly also social act iv i t ies. Communication 
and co-operation has a prominent  role, in par t icu lar  w i th  regard  t o  at ta in-  
i n g  t r u t h  and object iv i ty ,  a goal which cannot be attained by s t r i c t l y  obey-  
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ing logical rules for  dealing with data alone. The question of whether 
teaching EDA seems to  be as t o  what extent these features would and could 
have a place in the curriculum e.g. by means of classroom discussions, in 
contrast or  i n  addition to  teaching an idealized view of  "statistics as an 
exact science". 

Of  course, such an attitude can to  a certain degree also be practiced in 
connection with inferential statistics. But  this would probably presuppose 
a different attitude, for  instance, towards statistical tests and other rneth- 
ods, perhaps more in R.A. Fisher's spir i t  than i n  the spir i t  of the 
decision-theoretic interpretation of statistics. 
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