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Th is  paper deals wi th some experiences w i th  an undergraduate course i n  
Mathematical Studies wi th  Education which has i n  recent years been of fered 
a t  Brunel  University, U.K. We confine ourselves i n  part icular  t o  a stat is- 
t ics  . input  t o  a f inal year specialist module t i t l ed  "Mathematical Education". 
As a b r ie f  preliminary, we should explain tha t  ou r  Department o f  Mathe- 
matics and Statistics and Department of  Computer Science co-operate close- 
ly i n  o f fer ing many undergraduate courses organised f lex ib ly  i n  a "uni t "  
o r  "modular" pattern. The undergraduates reading Mathematical Studies 
w i th  Education may be specialising i n  mathematics, in statistics, o r  i n  com- 
pu te r  science; they  take all o f  the usual topics i n  these areas, and i n  addi- 
t ion s tudy  specialist material i n  Education. They also undertake teaching 
practice i n  schools, and at  the end o f  t he  course t hey  are eligible both  f o r  
the i r  degree and f o r  an award i n  Education, being recommended f o r  recog- 
n i t ion as qual i f ied teachers b y  the U.K.'s Department o f  Education and Sci- 
ence. 

Most o f  the material i n  Education is the responsibi l i ty o f  the  University 's 
Education Department, b u t  colleagues (such as ourselves) f rom the  Mathe- 
matics and Statistics Department and f rom Computer Science contr ibute t o  
the Mathematical Education subject module; broadly, the  intention is  t o  re-  
examine elementary ideas from the  more advanced viewpoint appropriate t o  
f inal-year undergraduates, and t o  consider implications f o r  the teaching o f  
th i s  material a t  school level. The students are. o f  course, not necessarily 
f inal-year specialist statisticians; it may (and usual ly does) happen t ha t  
some wi l l  have done no more than the basic f i rs t -year  statistics course. 
B u t  th i s  is no drawback, because most of  the statistical work l ike ly  t o  be 
covered i n  a school is contained in  the f i rs t -year  course; and indeed con- 
fe rs  a posit ive advantage, fo r  our  audience of  students usual ly includes 
some whose knowledge o f  statistics does not  extend much beyond t ha t  of  a 
potential s i x th  former tak ing it, which has helped us in seeing problems 
wi th  the perspective o f  the target  group-of  school pupi ls. 

Models f o r  "elementary" probabi l i ty  

The s tudy  o f  statistics is founded on t ha t  o f  probabi l i ty, and it is common 
t o  commence statistics courses by covering what we are pleased t o  call "ele- 
mentary" probabi l i ty .  However, it is also common f o r  it t o  be precisely th is  
pa r t  o f  a course which causes most d i f f i cu l ty .  Evidently, many people do 
not have any good intu i t ive grasp o f  probabi l i ty  (at  least one o f  the 
authors readi ly  confesses t o  inclusion i n  th i s  category!).  The concept of  
probabi l i ty  also often bemuses those who prefer  t o  develop the i r  ideas f rom 
a more formal mathematical standpoint. The di f f icul t ies seem t o  apply no 
matter what the  age of  the students. And while we might  bemoan mathe- 
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matical education i n  general, w i th  too much emphasis on determinist ic 
modelling, we s t i l l  have t o  do as best we can. 

Common practice is  t o  try t o  ge t  some in tu i t ive  understanding by us ing 
ideas such as tossing coins and ro l l ing dice - situations which have the  
v i r tues o f  famil iar i ty and simplicity. But, the i r  simplicity clearly does not  
make such situations in tu i t ive ly  obvious - how many people, on hear ing 
tha t  a fa i r  coin happens t o  have come down "heads' f i ve  times i n  a row, wi l l  
aver tha t  the chance o f  a "head' nex t  time is something other than  1/2? 
And, fur ther,  the v e r y  simplicity o f  these examples can be a disadvan- 
tage, f o r  they can appear t r i v ia l  and inconsequential. Now, we know tha t  
probabi l i ty  theory is o f  extremely wide applicability; so one of us has used 
the course t o  explore how real, pract ical situations might  be used as ve-  
hicles f o r  the i l lustrat ion of  probabi l i ty .  

We have been able t o  make a lot  of  progress using ideas f rom qual i ty  con- 
t ro l .  The concept of  a repetitively-made industr ia l  product  is v e r y  famili- 
ar, and can be used t o  demonstrate the  existence o f  var iab i l i ty  - even 
though the process is  repetit ive, and no matter how well control led it is. 
the items produced are not al l  the same. So there wi l l  inevitably be some 
"defectives", and an inspection scheme o f  some k i nd  is needed. We can 
here discuss methods o f  sampling; we can ta lk  about consequences o f  
"wrong decisions", f i rm ly  looking forward t o  what we would later  call t ype  
I and I 1  errors; we can use simple count ing techniques t o  bu i l d  u p  what 
we might  later formally call the  hypergeometric o r  binomial distr ibut ions; 
and we can actually construct  Operating Characteristics, and use them t o  
compare inspection schemes. 

We have also been able t o  work similar ly i n  genetics, w i th  some o f  the  
simpler facets of classical Mendelian theory; th is  demonstrates probabi l i ty  
ideas, and also leads natural ly  towards inference, comparing observed and 
predicted frequencies. We have even been able t o  discover that a tes t  sta- 
t is t ic  of  the usual x2 form could be appropriate, though of  course we 
cannot "discover" what t o  actually do w i th  th is  tes t  statistic. And  we have 
investigated other situations also, of ten suggested b y  the students them- 
selves. 

It is an important point  tha t  we suggest such examples can (or a t  least 
could) be used a t  a v e r y  ear ly stage o f  a course, and not  merely as i l lus-  
trat ions later on. Inevi tably therefore we are constrained i n  the techniques 
we may use. We are limited t o  cases t ha t  are "repeti t ive" ( in the sense t ha t  
coins and dice are:), so tha t  we can natural ly  use the usual relat ive f r e -  
quency approach t o  probabil i ty; and t o  cases tha t  are easily seen as " inde- 
pendent tr ials" (coins and dice again:), f o r  here we seem able t o  realise 
tha t  the relative frequencies (and hence probabil it ies) are simply t o  be 
multiplied (whereas conditional probabi l i ty  results do seem beyond the 
scope of  "discovery" by novices wi thout  formal instruct ion). 

It does take longer t o  do the  work i n  t h i s  way, if on ly  because it takes 
longer t o  describe the real situations; and it requires more preparation. 
Bu t  our  Education students have usual ly responded enthusiastically, often 
saying tha t  the i r  own understanding has been much enhanced. We would 
suggest tha t  the advantages, of  motivation. interest, general sk i l ls  i n  
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problem formulation, and a look f o r w a r d  t o  o the r  areas o f  statistics, a re  
wel l  w o r t h  a n y  e x t r a  e f f o r t  involved. 

The use of random number tables 

Discussion o f  random number tables and ways o f  us ing  them has been v e r y  
successful. T h i s  top ic  provides scope f o r  ex tend ing students'  unders tand-  
ing o f  basic concepts, g ives them ideas f o r  development o f  teaching mater i -  
al, and is  n o t  too demanding in t h e  amount o f  background in stat is t ics r e -  
qu i red .  There  is  no  lack o f  material which could be  covered and a selection 
can easi ly  be  made if desired. 

We s t a r t  w i t h  a section on random d ig i t s  wh ich  includes looking a t  p r i n t e d  
tables and d iscussing how t o  read them, something on how random d ig i t s  
can be  generated, consideration o f  t h e  basic requirements o f  tables o f  r a n -  
dom digi ts,  and invest igat ion o f  randomness o f  a set o f  d ig i ts .  Most o f  t h i s  
is  new f o r  t h e  students, especially us ing  a t e s t  in a real- l i fe context,  and 
t h e y  f i n d  it f a i r l y  in terest ing.  Reading o f  tables o f  random d ig i t s  gives 
students a feel f o r  such as t h e  ex ten t  t o  which odd and even d ig i t s  a l t e r -  
nate, and t h e  lengths and frequencies o f  r u n s  o f  d ig i ts .  Students are  en -  
couraged t o  produce tables o f  d ig i t s  and invest igate t h e i r  randomness. 
These could b e  tables produced f o r  another  purpose, o r  might  b e  gener -  
ated as random digi ts,  perhaps by a mechanical method. 

The  use o f  random number tables t o  simulate t h e  outcomes o f  random e x -  
periments is  a natura l  second section. Use o f  tables t o  i l lus t ra te  t h e  stabi l -  
isation o f  re lat ive frequencies is  i l luminat ing and can be  compared w i t h  
physical  repet i t ions o f  experiments. T h i s  leads in to  t h e  solution o f  p roba-  
bility problems by means o f  simulation, demonstrat ing t h a t  t h e  method 
works  by looking a t  v e r y  simple problems, and then  considering more diffi- 
c u l t  questions and ind ica t ing  t h e  method's potent ial  f o r  complex problems 
where analyt ical  solut ion may be too d i f f i cu l t .  A computer can be  used t o  
advantage here. Students are in terested i n  seeing worked examples and 
of ten comment t h a t  t h e y  feel t h i s  approach would have helped them a t  an 
ear l ier  stage, b u t  t h e y  are re luc tant  t o  produce t h e i r  own worked 
examples. T h e y  are  more enthusiast ic about  t h e  use o f  simulation i n  a 
modell ing contex t  such as a queueing situation, a b i r t h  and death process, 
o r  a decision making si tuat ion. 

It i s  usefu l  t o  know how t o  obta in random observat ions f rom probab i l i t y  
d is t r ibut ions,  and techniques f o r  d is t r ibu t ions  l i ke l y  t o  b e -  met a t  school 
level a re  covered, t h a t  is, t h e  binomial, Poisson, exponential and normal 
d is t r ibu t ions .  T h e  t h e o r y  o f  t h e  p robab i l i t y  in tegra l  t rans form i s  done, 
and i s  usefu l  f o r  f i n d i n g  gaps i n  t h e  students'  knowledge. Tables o f  r a n -  
dom numbers f rom t h e  standard normal d is t r ibu t ion ,  and f rom t h e  exponen- 
t i a l  d i s t r i bu t i on  w i t h  parameter 1 are examined, and s i m u l a t i o ~  us ing  Mini -  
t a b  is  demonstrated. Theoret ical d is t r ibu t ions  and empirical d is t r ibu t ions  
are p lo t ted  f o r  comparison purposes, and students are asked t o  choose a 
probab i l i t y  d i s t r i bu t i on  and experiment w i t h  generat ing random observa-  
t ions f rom it. Th is  i s  usual ly  something t h e y  have not  done before and 
t h e y  f i n d  it interest ing.  
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Obtaining random observations from sampling distributions, with investi- 
gation of inference procedures as an important application is something 
which is worth doing t o  help fu tu re  teachers' understanding. However, it 
takes several hours t o  do properly since some of the concepts are di f f icul t  
and the computation involved tends t o  be hea-vy. There is usually time only 
for  the revision of the idea of a sampling distr ibution and a look at  confi- 
dence intervals fo r  the unknown mean of a normal distribution of known 
variance. 

Organisation i n  schools and relevance t o  the school curriculum are consid- 
ered at  every stage, as is also the extent t o  which practical exercises 
would be done b y  pupils, teachers, or  a computer, and for  which age 
groups these would be appropriate. Students are encouraged to  state their  
own ideas on these matters. They often report on their  teaching practice 
experiences, bu t  for  really worthwhile discussion they must do some of the 
exercises themselves. 

Could we have done anything else ? 

As we have indicated, lecturers on the Mathematical Education course have 
considerable freedom of choice as regards subject matter. We have de- 
scribed the two themes with which we have personal experience. There are 
many other possibilities which could be tr ied. One approach might be to 
base a presentation on the historical development of probability and statis- 
tics. This could well include a discussion of some of the famous paradoxes 
of probability. Many suggestions for teaching statistics through considera - 
t ion of real data have been made, such as using examples from the media, 
analysing the results of a fa i r ly  complex experiment or  social survey, and 
investigating patterns i n  data sets. Or the data might be obtained b y  
pupils as results of  experiments or  projects. Any of these ideas would be 
suitable for  discussion with fu ture statistics teachers. More importantly, 
students and lecturers are all l ikely t o  f ind  consideration of them useful 
and enjoyable. We hope that  others will have the chance to  teach on a 
similar course and develop these and other ideas. 
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