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Most management science and economics studentsdiatiean advanced statistics course
appreciate a quick repetition of the concept ofdam variables. We describe the application of
the computer algebra system Derive to the famitilarowing a die” example which turns out to
be a substantial time saver, e.g. since tediousualacalculations can be avoided. Our approach
also allows straightforward application to the isgigation of other gambling examples. Last but
not least, using a computer algebra system alscesfdoking at the empirical side of gambling
more comfortable by providing built-in functions fiseudo random number generation as well
as for the computation of statistical parameters.

MOTIVATION

The idea for this paper emerged while teaching radergraduate “Advanced Statistics”
course at the Faculty of Management Science andhdagos at the University of Applied
Sciences Schmalkalden over several years. The fioaiis of this required second-year course (4
hours) is a thorough introduction to Linear RegassThe key prerequisites are “Introductory
Statistics” (4 hours), and “Matrix Algebra” (2 halr The latter course includes an introduction
to, and intense use of, the computer algebra sy§terive. The Derive license of our faculty
covers all faculty computers (including two PC labs well as private PCs of all students (as
long as they are enrolled in a faculty program).

At the beginning of the course students have taliaegsome basic understanding of
stochastic vectors and matrices, i.e., vectorsnaagices containing random variables instead of
real numbers. This includes rules on how the exuketalue of a stochastic matrix, or the
dispersion matrix of a stochastic vector, are &f@bdy certain transformations.

Since this portion of the course is pretty theasdtiby nature students find it more
difficult than other topics. Moreover, while stuteninderstand and can easily calculate the mean
of a sample, and the majority of students have kedge of the sample variance and its
computation, many students do have problems whemntes to the application of random
variables. Therefore, we were looking for a fagignple example from the real world which
(1) can be used for the creation of a sample of vatwreswhich mean and sample variance can be

calculated;

(2) can be used for the definition of an associatedaanvariable for which expected value and
variance can be calculated;

(3) allows us to demonstrate that the values of medrsample variance are in general different
from the values of expected value and theoretiealance, but that the former tend to get
closer to the latter if the sample size is incrdase

(4) and, last but not least, allows more or less megninransformations of the random variable
in order to see how expected value and varianceféeeted in these cases.

One main advantage of using Derive for throwingeaainpirically and theoretically is
that everything can be done in the same (for auwdlesits: well-known) environment. Moreover,
rolling a die, say, 10 times, writing down the srand calculating statistical parameters, sounds
like an interesting activity, but doing it 1000 &m certainly does not. For a comparable
application of a computer algebra system in teaphiatistics cf. Edwards (2004).

This paper is structured as follows: in the nextisa the throw of a single die is applied
as an example for the definition of a random vadeigdnd hence covers the theory part of the
paper by discussing points (2) and (4) of the abisteSection three contains the practice part by
simulating series of throws of a single die witk tielp of a pseudo random number generator; it
thereby discusses points (1) and (3) of the abisveAfter briefly extending the theory part by
looking at other gambling examples in section famne concluding remarks are given in the
final section.
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THROWING A DIE — THEORY
In teaching statistics, throwing a die is one & thost often adopted examples used to
illustrate the concept of a random variable, ad aglits expected value and variance (see, for
example, Keller and Warrack, 1999, pp. 171-173;:268). This is so because from childhood on
everybody is familiar with games involving dice. #ying the respective formulae for discrete
random variables students can calculate the expeetiee of a random variable describing one
throw of a single die (3.5), and its varian%:é 2.92).
We apply the computer algebra system Derive to detnate the calculation of these
values and start by defining (cf. Figure 1)
e 2 functions for the calculation of the expectedredE(X,p), and the varianc&/AR(x,p), of a
random variable defined in 2 vectorandp; note thai andp are the formal parameters;
e afunctionLT(x,p1,82) which allows easy linear transformations of a @ekt(containing the
outcomes of a random variable) wh@redenotes a constant to be added &mdp2 denotes
a factor by whichx is to be multiplied; for exampley:=LT(x,2,3) results in a vector
y =2+ 3X;
e 2 vectors of dimension 6 which contain the 6 pdesilutcomesxd, and their respective
probabilities, pd; note thatxd andpd are one pair of actual parameterd”(Stands for a
single die; cf. section four for additional paifsagtual parameters).

DIM{xD
#1:  E(x, p) = I ®op
=111
DIM{x) 2
#2: VAR(x, p) = X x - Elx, pid «p
=1 J ]

#3. LT(x, BL, B2} := PL.VECTOR(L, i, DIM(x)) + P2-x

#4: xd:=[1, 2, 3, 4, 5, 8]

#5: pd = | —) — — — —, —

7 35
#6: [E{xd, pd}, WAR(xd, pdd] = {—, —:|
12

#7 y o= LTixd, 3, 1)

LA y=1[4,5 6, 7 & 9]
13 35
#: [ECy, pcd, VAR(y, pdd] = [_ _]
2 12

#1000 w = LT(xd, O, 22

#11: v = [2, 4, 6, & 10, 12]

35
#12: [ECy, pdy, WAR(y, pdd] = {7. —}
3

Figure 1: First Screenshot of Derive Algebra Window

Students can then compute the expected value amzhea of the single die random
variable by using the respective functions. They akso investigate these values for different
linear transformations of the single die outconeeg, find out that

« adding a constant shifts the expected value bganee amounti[a+ X| = a+ E[ X]), but
leaves the variance unchangeda([a+ X] = Var[ X] ), or

- multiplying by a factor changes the expected vaiyethis factor €[aX] = a€[ X]), and
changes the variance by the squared facwalrkax] = aZVar[ X] ).
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THROWING A DIE - PRACTICE

We proceed by simulating several series of actuaWs of a single die in Derive, based
on a pseudo random number generator, and comptiitnghean and variance for each sample.
The function D(n) generates am-dimensional vector of random integers from the set

{1,2,3,4,5§. We use the built-in function8VERAGE(x) and VARIANCE(x) to compute the

arithmetic mean and (sample) variance of the elésr&a vectox.

Students can now start to experiment with diffesanhple sizes. Generating a sample of
size 10, for example, could be done manually byadkst throwing a die 10 times, writing down
the results, and calculating their mean and vaea@tudents could then proceed to Derive,
generate a random vector of size 10, print it an ghreen, and then compute the statistics in
Derive, which could in turn be checked manuallycgithere is no point in watching increasingly
large vectors on the screen when the sample sirerisased, students quickly skip this step and
compute only the statistics in Derive.

#1:  D(n) := VECTOR(RANDOM{EY + 1, 1, n)

#2: APPROX( [ AVERAGE(D{107), AVERAGE(D(10)), AVERAGE(D(10))1) = [3.6, 4.7, 2.9]

#3: APPROX( [AVERAGE(D(1000)), AVERAGE(D({1000)), AVERAGE(D({10003)]) = [3.45, 3.578, 3.519]

#4: APPROX( [AVERAGE(D{ 1000003}, AVERAGE(D(100000)), AVERAGE(D{100000))]) = [3.49537, 3.49879, 3,49821]

#5: APPROX( [VARTANCECD(10)), VARTANCE(D{10)Y, VARIANCE(D(103)]) = [2.322222222, 3.833333333, 1.877777777]

#6: APPROX( [VARTANCE{D{1000)), WARTANCE(D{1000)), VARIANCE(D{10003)1) = [2.916747744, 2.911147147, 2.968727727]
#7: APPROX( [VARTANCE(D( 100000)), VARTANCE(D( 100000}, WARIANCE(D{100000))]) = [2.911643714, 2 909046338, 2.911424184]

Figure 2: Second Screenshot of Derive Algebra Windo

Each timeAVERAGE(D(n)) andVARIANCE(D(n)) are executed a new vectorro§cores
is generated for which the respective statisticamputed. Altogether, 18 different random
vectors (of dimension 10, 1000, and 100000) arergaed in Figure 2.

By comparing the sample means and variances witexpected value and variance of
the random variable, students will see that thégrdin general, but also that increasing the size
of the sample generally results in diminishing dé&eins from the theoretical values, thereby
illustrating the law of large numbers. See Mill9@2) for a critical overview of the literature
concerning the use of computer simulation methodgatistics education.

e CEE
Fle Edib Insert Author Simpify Solve Calculss Options Window Help
DEHSES & B8 X BTk AR ma [ ZI L @ X
[~ [CIX| 78 Kigbra 1 CADOKIME-1\..\2006120065A-1 i Clo)
T DINCx) &
P #l: E(x, @)= I xp
=1 i3
0.8 t20 R G e
=1 a .
#3: UT(x, Bl, B2) = BL.VECTOR(L, i, DIM(x)) + B2.x
. B4 xc= [0, 1]
™ i
0.4 A B {T‘ 7}
#6: wdi= [1, 2, 3, 4, 5, 6]
L #7 pd,|ii IR T I
e 6 6 6 & & &
,/'/f\\ B xW #s: xdz=[2, 3, 4, 5,6, 7,8 9, 10, 11, 12]
5 10 15 20 2 1 2 34 H & 5 4 3 2 1
# de[———————————
36 36 36 36 36 36 36 36 36 36 36
-0.2 #10: xd3 = [3, 4,5, 6 7,8, 9,10, 11, 12, 13, 14, 15, 16, 17, 18]
[ 1 3 6 10 15 21 25 27 27 25
11 pdys | — —, — — — — — — —— ——
0.4 216 216 216 216 216 216 216 216 216 216
21 15 10 & 3 1
0.6 216 216 216 216 216 216 P
User
[
e T e e R Y = P I o 8 SN P et T TPl R
Als|ralelz|nle]z] k] almIN]=]of 0] plz] T]x|e]x]¥] 2| U222z 2 a2l n] o] el £l 11T ] <]«

Figure 3: Screenshot of Derive Window
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DICE AND COINS — MORE GAMBLING

The framework of section two, namely the two fuoiot for expected value and variance
of a discrete random variable, as well as the fandor linear transformations of outcomes of a
random variable, allow straightforward applicattorother random variables.

Figure 3 contains the definition of three more @ndvariables in addition to the one
from section two, as well as graphical represemtatiof the distributions (actually bar charts) of
all these random variables:

» the first pair of vectorsxt,pc) describes the toss of a coin, head coded as fadrd O;
» the second paix@,pd) is the above example of a throw of a single die;

+ the third pairxd2,pd2) describes the sum of scores of a simultanecosvtbf 2 dice;

+ the forth pair xd3,pd3) describes the sum of scores of a simultaneouasvtbf 3 dice.

Students can then compute the expected value arahe@ of all these random variables
by using the respective functions (cf. Figure 4hey could also investigate these values for
different linear transformations of the outcomes.

1 1

Callze: [Eixc, pc), WAR(xc, pcl] = |:—, _i|
2 4
35

#13: [E(xd2, pd2), VAR(xd2, pd2)] = [7, _}
5

21 35

#la: [E(xd3, pd3), VARCxd3, pd3)] = [_ _}
2 4

Figure 4: Third Screenshot of Derive Algebra Window

CONCLUSION
It is a fact that a high percentage of managemer@nee and economics students
attending an advanced statistics course are in ofeadjuick repetition of the concept of random
variables, as well as their expected value andued, to get them ready for things to come. For
this we use the computer algebra system Deriveedine students are familiar with it from a
previous course and are allowed to use it on feirate PCs under the license we have. The
advantages of using a computer algebra systenisitontext include that
» students can perform tedious calculations of equestalues and variances quickly and
faultlessly based on functions provided,;
* students can easily perform linear transformatiofisoutcomes, and so check certain
theorems on expected values and variances of randdables;
e it adds the illustrative power of graphs, therebfjering better understanding of the
investigated probability distributions;
» it facilitates the obvious step to the empiricallesiof gambling, for example by easy
simulation of throws of dice with increasing samplees using the built-in functions for
pseudo random numbers, mean, and sample variance.
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